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Abstract
We present an approach to study neutrino electromagnetic properties by simulating neutrino oscillation in 
both dense background matter and external electromagnetic field in terms of trapped coupling ions. We find 
that the neutrino and anti-neutrino productions can be simulated by using large enough diagonal matter po-
tentials and external magnetic field. We further show that the transition probabilities of flavor neutrino have 
rich features and time scales corresponding to the neutrino magnetic moments and electric millicharges. 
Especially, such features and scales can be achieved by tuning the laser parameters. At last, we show that 
the millicharge and magnetic moments can be detected in terms of flavor neutrino transition probabilities 
in the trapped ion system. Our approach provides a useful clue to measure the neutrino electromagnetic 
properties for experimental realization.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduce
Within the standard model imposed by the gauge invariance and anomaly cancellation con-
straints, the neutrino is massless and chargeless. However, the nonzero massive neutrino oscilla-
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long baseline accelerator [4] neutrino experiments. The experimental results indicate beyond the 
standard model of elementary particle physics and a modified model is needed.
The massive, mixed and oscillating neutrinos are one of the most remarkable discoveries 
in the physics [5–9]. Recently, the massive neutrino with a nontrivial electric millicharge was 
proposed in some extensive standard models without hypercharge quantization [10,11]. The neu-
trino millicharge is important not only to manifest its most spectacular effects in astrophysics and 
cosmology, but also in case of mixing even a Majorana neutrino can have nonzero transitional 
electric charge [12]. The neutrino electromagnetic properties are one of the most intriguing and 
exciting problems in modern physics [13–15], which may open a window to the new physics 
[16–21].
Presently, there exist two possible approaches to investigate the neutrino electromagnetic 
properties based on both an emerged electromagnetic effect on neutrino process in extreme as-
trophysical environments and a high precision measurement of neutrino interaction cross section 
in the reactor experiments. Up to now, however, it has been an open issue on the upper bound of 
massive neutrino electric millicharges and magnetic moments [22–25].
In fact, a controllable quantum simulation is also one of the leading approaches to study such 
a physical system under the extreme external conditions. Quantum simulation has an increasing 
interesting in many physical fields because it can be implemented by using quantum computer 
or simpler analog devices [26]. Various simulation schemes and corresponding experiments have 
recently been reported in a wide variety of physical fields, including the black holes [27] and the 
expanding universe [28,29] in Bose–Einstein condensates (BEC), the Dirac equation and Zitter-
bewegung phenomenon in a single trapped ion [30], the emergence of relativistic physics and 
quantum field theories [31,32] in ultracold atom lattices [33–35], the Klein paradox [36,37], and 
the Majorana equation and unphysical operations with trapped ions [38]. The quantum simulation 
on BEC sonic black hole [39] and Klein paradox [40] had been realized in the experiments [37].
In this paper, we propose a scheme to simulate the neutrino oscillation under both a back-
ground matter and an external electromagnetic field by using a trapped two-ion technology. The 
massive neutrino oscillation formulas are expressed in terms of the neutrino electromagnetic 
properties and the photon number in trapped ion system. In our method, it may be easier to di-
rectly determine the values of the neutrino millicharges and magnetic moments based on the laser 
parameters, which provides a useful guidance for experimental realization.
2. Neutrino oscillation and trapped two-ion system
Let us consider the situation of two neutrinos. In our formalism, an arbitrary number of 
neutrino fields can be considered by straightforward generalization. A convenient approach to 
include the neutrino electromagnetic properties is to consider the interaction between the neu-
trino and the external magnetic field. In order to simplify our calculation but without losing 
the generalization, we suppose that the external magnetic field B = (0, 0, B) is constant, uni-
form and directed along the z-axis with the magnetic potential A= (− 12yB, 12xB, 0) in the axial 
gauge, and that the external electric field vanishes. The magnetic moments μij of neutrinos are 
separated into two parts, i.e., diagonal μii = μi corresponding to usual magnetic moments and 
nondiagonal μ12 = μ21 = μ elements to the transition ones.
In order to deal with massive neutrino flavor oscillations by encoding the neutrino mass eigen-
state in a Hamiltonian formulation in which the oscillatory behavior is captured in a Schrödinger-
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equation as a Schrödinger-like equation,
ih¯
d
dt
|〉 = H |〉 = (H0 +HI )|〉, (1)
where |〉 = ψ1|ν1〉 +ψ2|ν2〉, νi (i = 1, 2) are two-neutrino massive eigenstates and correspond-
ing Hamiltonians are expressed by
H0 =
(H1 0
0 H2
)
, HI =
(
0 V12
V21 0
)
, (2)
where the single neutrino Hamiltonian is given by
Hi = α · ( ˆpi + qi Ai)+ βmi − βzμiB + Vii, (i = 1,2), (3)
with neutrino millicharge qi , mass mi , anomalous magnetic moment μi , and diagonal matter 
potentials V11 =
√
2GFne cos2 θ or V22 =
√
2GFne sin2 θ , while GF is a Fermi weak coupling 
constant, ne is an electron density and θ is a mixed angle of neutrino.
The interacting potentials are
Vij = Vij −μijβzB(i = j), (i = j = 1,2), (4)
with nondiagonal matter potentials V12 = V21 = V =
√
2GFne sin θ cos θ from the charged-
current interaction between the neutrinos with mass mi and the background matter [41].
In Eqs. (3) and (4), α = off-diag(σ , σ) is a velocity operator with the spin-1/2 Pauli operator 
σ = (σx, σy, σz) as a basis in the conventional directions x, y and z, β = diag(I2, −I2) with the 
2 × 2 unity matrix I2, z = diag(σz, σz) is a spin operator along z-direction.
From Eqs. (3) and (4), we see that the neutrino electromagnetic properties, i.e., the neutrino 
millicharge qi and anomalous magnetic moment μi , are included in the Hamiltonian Hi . When 
the neutrino millicharges and moments vanish, i.e., qi = μi = μ = 0, the total Hamiltonian H in 
Eq. (1) will lead to the standard neutrino mixing and oscillation Hamiltonian.
In terms of above definition of Dirac matrices, the single neutrino Hamiltonian Hi can be 
rewritten as
Hi =
(
mi + Vii − μiBσz σ · ( ˆpi + qi Ai)
σ · ( ˆpi + qi Ai) −mi + Vii + μiBσz
)
, (5)
which includes the matrix elements (pˆix + qiAix) − i(pˆiy + qiAiy) = (pˆix − 12qiByi) − i(pˆiy +
1
2qiBxi) and (pˆix + qiAix) + i(pˆiy + qiAiy) = (pˆix − 12qiByi) + i(pˆiy + 12qiBxi).
In order to provide an exact mapping of the simulated two neutrinos onto the two-ion vibra-
tions, we introduce a pair of sets of creation–annihilation operators, i.e.,
a+iτ =
1√
2
(
1
i
xiτ − i i
h¯
pˆiτ ), (6)
and
aiτ = 1√
2
(
1
i
xiτ + i i
h¯
pˆiτ ), (7)
with two-oscillator’s ground state widthes i = √2h¯/qiB , where i = 1, 2 and τ = x, y, z.
Based on these creation–annihilation operators, furthermore, the corresponding right- and 
left-hand chiral creation–annihilation operators can be defined by
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√
2, a+ir = (a+ix + ia+iy)/
√
2, (8)
and
ail = (aix + iaiy)/
√
2, a+il = (a+ix − ia+iy)/
√
2, (9)
respectively. Using the chiral creation–annihilation operators (6)–(9), we find
(pˆix − 12qiByi)− i(pˆiy +
1
2
qiBxi) = −iζiair , (10)
and
(pˆix − 12qiByi)+ i(pˆiy +
1
2
qiBxi) = iζia+ir , (11)
where ζi = √2qiBh¯ = qiiB is characteristic coupling strength. It is interesting to note that the 
left-hand creation–annihilation operators diappear in Eqs. (10) and (11) as well as the Hamilto-
nians (2) and (5), which means that the two-neutrino system with the electromagnetic properties 
is chiral invariance.
In terms of Eqs. (5) and (10)–(11), the Hamiltonian (3) of single-neutrino system and the 
interacting potentials (4) between two neutrinos can be rewritten as a matrix form,
Hi =
⎛
⎜⎝
mi −μiB + Vii 0 pˆiz −iζiair
0 mi +μiB + Vii iζia+ir −pˆiz
pˆiz −iζiair −mi +μiB + Vii 0
iζia
+
ir −pˆiz 0 −mi −μiB + Vii
⎞
⎟⎠ ,
(12)
and
Vij =
⎛
⎜⎝
Vij −μijB 0 0 0
0 Vij + μijB 0 0
0 0 Vij +μijB 0
0 0 0 Vij − μijB
⎞
⎟⎠ ,
(i = j = 1,2), (13)
where the Hamiltonian Hi has four eigenvalues, i.e.,
Ei = Vii + δ
(
p2iz +M2i (η)
)1/2
, (14)
where M2i (η) = (
√
m2i + nrζ 2i + ημiB)2 is neutrino effective mass square including the neu-
trino electromagnetic effects. From Eq. (14), we see that the energy eigenvalues Ei with δ = ±1
and η = ±1 are functions of both the eigenvalue piz of z-direction momentum and right-handed 
photon number nir , while the parameter values η = ±1 represent the up and down directions of 
neutrino spin so as to describe the neutrino spin flip between the two values. The correspond-
ing eigenstates can be expressed in terms the eigenstate vectors |piz, nir − 1〉 and |piz, nir〉 of 
z-direction momentum operator and right-handed photon number operator, i.e.,
|i(η)〉
= 1N−1
⎛
⎜⎝
nirζ
2
i ((1 + λi(η))(Ei − Vii +mi)+ (1 − λi(η))μiB)|piz, nir − 1〉−ipiz√nirζi((1 − κi(η))(Ei − Vii +mi)+ (1 + κi(η))μiB)|piz, nir〉
piz(p
2
iz + nirζ 2i )κi(η)|piz, nir − 1〉
i
√
nirζi(p
2
iz + nirζ 2i )|piz, nr 〉
⎞
⎟⎠ ,
(15)
564 Z.S. Wang et al. / Nuclear Physics B 900 (2015) 560–575Fig. 1. (Color online.) Schematic representation of two-ion simulation for neutrino oscillation, where the internal and 
interchanging transitions of trapped two-ion levels are achieved by the neutrino masse terms, momentum ones, and 
diagonal and nondiagonal elements of anomalous magnetic moments as well as charged-current interactions, respectively.
where Ni is a normalized factor, κi(η) = (η
√
m2i + nrζ 2i − mi)/(μiB + η
√
m2i + nrζ 2i − (Ei −
Vii)) and λi(η) = p2izκi(η)/(nrζ 2i ). Under the limiting of qi = 0 and μi = μ = 0, Eq. (15) is a 
standard Dirac spinor of neutrino without the electromagnetic properties.
3. Simulation of neutrino properties with trapped ions
Based on the four components in the spinors |i(η)〉, next, we introduce the eight-ionic 
internal levels for the two-neutrino system, i.e., |ai〉 = |1i , piz, nir − 1〉, |bi〉 = |2i , piz, nir〉, 
|ci〉 = |3i , piz, nir − 1〉, and |di〉 = |4i , piz, nir〉 (i = 1, 2) as shown in Fig. 1. According to the 
free Dirac equation, |ai〉 and |bi〉 correspond to positive energy spinor components, while |ci〉
and |di〉 stand for negative energy spinor components. Then we encode the neutrino states onto 
ionic internal levels. In terms of a pair coupling of these ionic internal and interchanging levels, it 
is convenient to decompose the 8 × 8 matrices from Eqs. (1)–(2) into the spin-1/2 operator basis 
in terms of the representation of the three ionic Pauli matrices between two pairs of internal and 
interchanging ionic levels. Thus the total Hamiltonian in Eq. (1) is mapped onto a corresponding 
trapped two-ionic Hamiltonian as
H =
∑
i=1,2
(miσ
aidi
z − iζiσ aidi+ air + iζiσ aidi− a+ir
+miσbiciz − iζiσ bici− air + iζiσ bici+ a+ir
− i 1
2
√
2
ζi(aiz − a+iz)σ aicix − μiBσaiciz
+ i 1
2
√
2
ζi(aiz − a+iz)σ bidix +μiBσbidiz + Vii)
+ V (σa1a2x + σb1b2x + σc1c2x + σd1d2x )
−μB(σa1a2x − σb1b2x − σ c1c2x + σd1d2x ), (16)
where σαiβi+ and σ
αiβi− (αi, βi = |ai〉, |bi〉, |ci〉, | di〉) are raising and lowering ionic spin-1/2 op-
erators between the two pairs of internal and interchanging ionic levels, respectively. As showed 
in Fig. 1, we see from Eq. (16) that the internal couplings of every single ion are achieved by 
the neutrino massive terms and the right-hand chiral operators between the levels ai and di or 
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element of anomalous magnetic moment between the levels ai and ci or between the levels bi
and di , respectively. It is obvious that the chiral operators a+ir and air simultaneously create or 
annihilate right-handed quanta and the others, a+iz and aiz, simulate the z-direction dimensioned 
momentum operator pˆiz = iζi(aiz − a+iz)/(2
√
2) = ih¯(a+iz − aiz)/(2i) that is a spread in posi-
tion along the z-axis of the zero-point wave function. The interchanging couplings between the 
two-ion levels are realized by the nondiagonal charged-current potentials and anomalous mag-
netic moment.
After a translation of the energy from Ei to Ei −Vii to suppress the state-independent energy 
contribution in the Hamiltonian (16), the rescaled Hamiltonian HR from the ionized neutrino 
oscillation Hamiltonian (16) can be simulated by simultaneously using the detuned red-sideband 
interaction (JC),
H
αiβi
JC (iτ ,φir , δiτ ) = h¯iτ (σαiβi+ aiτ eiφir + σαiβi− a+iτ e−iφir )+ h¯δiτ σ αiβiz , (17)
the blue-sideband interaction (AJC),
H
αiβi
AJC (iτ ,φib, δiτ ) = h¯iτ (σαiβi+ a+iτ eiφib + σαiβi− aiτ e−iφib )+ h¯δiτ σ αiβiz , (18)
and the carrier interaction,
H
αiβj
C (ωij , φij ) = h¯ωij (σ
αiβj
+ eiφi + σαiβj− e−iφi ), (19)
where φir and φib are the red- and blue-sideband phases, δiτ is the detuning, iτ = iτ ηiτ
is a product of the Rabi frequency iτ and the Lamb–Dicke parameter ηiτ , while ωij and φij
are coupling strength and phase of a coherent driving field acting resonantly on two levels with 
i, j = 1, 2 and τ = r, z [42].
After adjusting the laser parameters, we find that HR can be mapped onto the detuned red-
sideband, blue-sideband and carrier interactions shown in Eqs. (17)–(19) by simultaneously 
applying the transition between the pairs of the two-ion levels, i.e.,
HR =
∑
i=1,2
[HaidiJC (h¯ir = ζi, φir = 3π/2, h¯δir = mi)
+HbiciAJC (h¯ir = ζi, φib = π/2, h¯δir = mi)
−HaiciJC (h¯iz = ζi/2
√
2, φir = π/2, h¯δiz = μiB/2)
−HaiciAJC (h¯iz = ζi/2
√
2, φib = 3π/2, h¯δiz = μiB/2)
+HbidiJC (h¯iz = ζi/2
√
2, φir = π/2, h¯δiz = μiB/2)
+HbidiAJC (h¯iz = ζi/2
√
2, φib = 3π/2, h¯δiz = μiB/2)]
+Ha1a2C (h¯ωM12 = V,φ12 = 0)+Ha1a2C (h¯ωB12 = μB,φ12 = π)
+Hb1b2C (h¯ωM12 = V,φ12 = 0)+Hb1b2C (h¯ωB12 = μB,φ12 = 0)
+Hc1c2C (h¯ωM12 = V,φ12 = 0)+Hc1c2C (h¯ωB12 = μB,φ12 = π)
+Hd1d2C (h¯ωM12 = V,φ12 = 0)+Hd1d2C (h¯ωB12 = μB,φ12 = 0), (20)
where HR = H −diag(V11, V22), the JC interaction excites one quantum of vibration while deex-
citing the internal state of the ion. The AJC interaction, in turn, excites one quantum of vibration 
while exciting the internal state of the ion. The carrier interaction results in a transition from 
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simulate the matter potential and neutrino moment as shown in Eq. (20). These interactions can 
be obtained by controlling the lasers, either in Raman or quadrupole-transition configurations, 
depending on the chosen ions. Because the coupling strengthes ζi are relative to neutrino mil-
licharge and external magnetic field, an important advantage of quantum simulations in terms of 
trapped two-ion system is that the values of the neutrino millicharges, magnetic moments, masses 
and mixed angle in Eq. (20) can be measured just by controlling the laser parameters, such as 
iτ , δiτ , and ωij (i, j = 1, 2, τ = r, z). Thus, it is easier to explore the neutrino electromagnetic 
properties and transition in the trapped two-ion simulation.
The laser parameters can be determined by the simulated Hamiltonian (20). Supposed that the 
magnetic field of experimental laboratory is B ∈ [104, 106]T , we find that h¯ir = ζi ∈ [4.21 ×
10−4, 4.21 × 10−2] eV, h¯δir = mi ≈ 1 eV, h¯iz = ζi/2
√
2 ∈ [1.49 × 10−4, 1.49 × 10−2] eV, 
h¯δiz = μiB/2 ∈ [8.39 × 10−12, 8.39 × 10−10] eV, h¯ωM12 = V ∈ [7.6 × 10−14, 7.6 × 10−13] eV
for the mass density ρ ∈ [2, 20] g/cm3 and h¯ωB12 = μB ∈ [1.16 × 10−11, 1.16 × 10−9] eV.
A possible way to produce the diagonal matter potential Vii (i = 1, 2) is through a fast and 
homogeneous Stark shift in the internal ionic levels [30]. Similarly to Klein’s paradox phe-
nomenon [43], furthermore, we propose to simulate an anomalous behavior of neutrino and 
anti-neutrino production by using an enough large constant potential. According to Eq. (14), 
the neutrino momentum is recast into p2iz = (Ei − Vii + ημiB +
√
m2i + nirζ 2i )(Ei − Vii −
ημiB −
√
m2i + nirζ 2i ) ≥ 0 and therefore requires that either both factors on the right hand are 
positive or negative at the same time. Under the negative cases with the conditions mi ≤ Ei <
Vii − ημiB −
√
m2i + nirζ 2i and Ei < Vii + ημiB +
√
m2i + nirζ 2i , a neutrino and anti-neutrino 
pair (να + να, α = e, μ, τ ) could be created from Vii − ημiB ≥ 2mi , i.e., the negative-energy 
neutrinos (components) swallow the constant potential Vii − ημiB so as to acquire the positive-
energy with the behavior as ordinary neutrinos, leaving a hole in the Dirac sea at the same time. 
Obviously, this phenomenon is easier to be taken place under the situation of η = −1, which 
is important to test the Big Bang theory [44], where the matter density at the beginning of the 
universe is large enough to satisfy the above condition. In a process of trapped ion evolution 
associated with Hi , a sudden raise of the constant potential corresponding to Vii − ημiB , by 
adjusting the laser parameters at a certain time t = t0, can simulate such a pair of neutrino and 
anti-neutrino production. An effective detecting scheme is to measure a nonzero population in 
the negative-energy component |di〉 by assuming an initial positive-energy internal state |ai〉.
From Eq. (20), no less than 14 laser fields are required to drive carrier and sideband transitions 
between 8 different states in two ions, especially for the two coupling internal states of two 
separated ions that requires an entangling gate operation. All these lasers need to be phase stable 
with respect to each other and some of them have to interact with one ion at the same time.
It is fortunate that Eqs. (16) and (20) can be regarded as the Hamiltonian of two-level qubits 
system, where the qubits are stored in two-level trapped ions. A possible way is that such two-
level ions will be confined and suspended in free space by applying the external electromagnetic 
field. The corresponding lasers are used to induce coupling between the two-level ion states (for 
single two-level ion operations) or coupling between the internal ion states and the external mo-
tional states (for entanglement between the two-level ions). Thus the arbitrarily large numbers 
of qubits include shuttling ions in an array of ion traps, building large entangled states via pho-
tonically connected networks of remotely entangled ion chains, where the 14 trapped ions to be 
controllably entangled can be realized in the experiments [45].
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Eq. (20). In fact, our goal is to measure the millicharge and magnetic moments of neutrino. An 
easier approach is to observe transition probabilities of flavor neutrino in trapped ions system, 
where the numbers of lasers can be largely reduced.
4. Quantum simulation for the standard neutrino mixing and oscillation
Before discussing the neutrino electromagnetic properties, it is interesting to investigate the 
quantum simulation for the standard neutrino mixing and oscillation. For the standard neutrino 
mixing and oscillation phenomena, the neutrino millicharges and moments vanish, i.e., qi = μi =
μ = 0. Thus the matrix form of singlet neutrino Hamiltonian can be expressed as
Hi =
⎛
⎜⎝
mi + Vii 0 pˆiz pˆix − ipˆiy
0 mi + Vii pˆix + ipˆiy −pˆiz
pˆiz pˆix − ipˆiy −mi + Vii 0
pˆix + ipˆiy −pˆiz 0 −mi + Vii
⎞
⎟⎠ , (i = 1,2), (21)
and the interacting matter potential is
Vij =
⎛
⎜⎝
Vij 0 0 0
0 Vij 0 0
0 0 Vij 0
0 0 0 Vij
⎞
⎟⎠ , (i = j = 1,2). (22)
Comparing Eq. (21) with Eq. (5), we find that it is impossible to directly define the creation–
annihilation operators in Eq. (21). In order to simulate the standard neutrino mixing and oscil-
lation, thus, we firstly encode the Dirac bispinor of neutrinos onto the ionic levels |ai〉, |bi〉, |ci〉
and |di〉 as shown above [46]. Thus the motion degree of freedom, i.e., the neutrino momenta, can 
be mapped to the ionic vibrations by using the relation pˆiτ = ih¯(a+iτ −aiτ )/
√
2Losciτ (τ = x, y, z), 
where Losciτ = 4πE/|m221| is the neutrino oscillation lengthes with the squared-mass difference 
m221 and the energy E. Thus we find
pˆix − ipˆiy = ih¯(a+il − air )/Losci = iξi(a+il − air )/2, (23)
and
pˆix + ipˆiy = ih¯(a+ir − ail)/Losci = iξi(a+ir − ail)/2, (24)
where ξi = 1/Losci is used to define the characteristic coupling strength, a+il and ail (a+ir and 
air ) are the corresponding left-hand (right-hand) creation–annihilation operators are shown in 
Eqs. (8) and (9). Comparing Eqs. (23) and (24) with Eqs. (10) and (11), we find that the chiral 
invariance is violation in the standard neutrino mixing and oscillation since the left- and right-
hand chiral creation–annihilation operators are included in Eqs. (23) and (24) as well as the 
Hamiltonian (21) at the same time.
In terms of Eqs. (21)–(24), the Hamiltonian of standard neutrino mixing and oscillation can 
be expressed in terms of trapped two-ion vibrations, i.e.,
H =
∑
i=1,2
(miσ
aidi
z + i
1
2
ξiσ
aidi+ (a+il − air )+ i
1
2
ξiσ
aidi− (a+ir − ail)
+ miσbiciz + i
1
ξiσ
bici− (a+il − air )+ i
1
ξiσ
bici+ (a+ir − ail)2 2
568 Z.S. Wang et al. / Nuclear Physics B 900 (2015) 560–575− i 1
2
√
2
ξi(aiz − a+iz)σ aicix + i
1
2
√
2
ξi(aiz − a+iz)σ bidix + Vii)
+ V (σa1a2x + σb1b2x + σc1c2x + σd1d2x ), (25)
which can be simulated by a simultaneous application of the detuned red-sideband (JC), the 
blue-sideband (AJC) and the carrier interactions shown in Eqs. (17)–(19). After a translation in 
terms of HR = H − diag(V11, V22), the simulated Hamiltonian is given by
HR =
∑
i=1,2
[HaidiAJC (h¯il = ξi/2, φib = π/2, h¯δil = mi/2)
+HaidiJC (h¯ir = ξi/2, φir = 3π/2, h¯δir = mi/2)
+HbiciJC (h¯il = ξi/2, φir = 3π/2, h¯δil = mi/2)
+HbiciAJC (h¯ir = ξi/2, φib = π/2, h¯δil = mi/2)
−HaiciJC (h¯iz = ξi/2
√
2, φir = π/2, h¯δiz = 0)
−HaiciAJC (h¯iz = ξi/2
√
2, φib = 3π/2, h¯δiz = 0)
+HbidiJC (h¯iz = ξi/2
√
2, φir = π/2, h¯δiz = 0)
+HbidiAJC (h¯iz = ξi/2
√
2, φib = 3π/2, h¯δiz = 0)]
+Ha1a2C (h¯ω12 = V,φ12 = 0)+ Hb1b2C (h¯ω12 = V,φ12 = 0)
+Hc1c2C (h¯ω12 = V,φ12 = 0)+ Hd1d2C (h¯ω12 = V,φ12 = 0), (26)
which maps the neutrino Hamiltonian parameters onto the trapped ions ones. The laser parame-
ters can be chosen by h¯il = h¯ir = ξi/2 = m12/8πE ∈ [3.18 ×10−12, 3.18 ×10−13] eV for 
m12 = 8 ×10−5 eV and E ∈ [1, 10] MeV, h¯iz = ξi/2
√
2 ∈ [2.25 ×10−12, 2.25 ×10−13] eV, 
h¯ω12 = V ∈ [7.6 × 10−14, 7.6 × 10−13] eV for the mass density ρ ∈ [2, 20] g/cm3 and h¯δil =
h¯δir = mi/2 ≈ 0.5 eV.
Similarly, the diagonal potentials V11 and V22 can be simulated by using the Stark shift in 
terms of the internal ionic levels. Thus, the Hamiltonian (26) implies that the quantum system 
could simulate the standard neutrino mixing and oscillation phenomena.
5. Transition probabilities of neutrino in trapped ions system
In order to obtain a quantitative description for the neutrino transition equation through the 
matter and magnetic field, we start from a two-neutrino state vector,
|〉 =
∑
i=1,2,η=±1
e
− i
h¯
(Ei t−pizz)Ci(η, z)|i(η)〉|νi〉, (27)
along z-direction motion with a given energy Ei similarly to Wolfenstein formalism [47], where 
|ν1〉 and |ν2〉 are the neutrino mass eigenstates shown in Eq. (1) and |i(η)〉 is given by Eq. (15). 
Comparing Eq. (27) with Eq. (1), we find that ψi(η) = e− ih¯ (Ei t−pizz)Ci(η, z)|i(η). Inserting 
Eq. (27) into Eq. (1) and then multiplying both sides by αz and rearranging, we express the 
amplitude equations as
h¯ ∂
(
C1(η, z)
C (η, z)
)
=
(
p1z 12
 p
)(
C1(η, z)
C (η, z)
)
, (28)i ∂z 2 21 2z 2
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(i = j = 1, 2). The complexities of keeping the full Dirac spinor are unnecessary for the present 
problem [41]. To drop off the explicit spinor dependence, thus, we take ij = −〈i |Vij αz|j 〉 ≈
−Vij + higher order (i = j = 1, 2) as one-order approximation in the following.
In the Mikheyev–Smirnov–Wolfenstein (MSW) formalism, a mixture of the two neutrino 
species is given by |νe〉 = cos θ |ν1〉 + sin θ |ν2〉 and |νX〉 = − sin θ |ν1〉 + cos θ |ν2〉. Thus the gen-
eral mixed state | (t)〉 = Ce(t)|νe〉 + CX(t)|νX〉 obeys the following transition equation under 
the approximations of |1〉 = |2〉 and E1 = E2 = E,
h¯
i
∂
∂t
(
Ce(η, t)
CX(η, t)
)
=
(
a(η, θ) (η, θ)
(η, θ) b(η, θ)
)(
Ce(η, t)
CX(η, t)
)
, (29)
where we use the units of c = 1 so that the change of coordinate variable z → t is taken, while
a(η, θ) = M
2
1(η)
2E
cos2 θ + M
2
2
2E
(η) sin2 θ + √2GFne − ημB sin 2θ, (30)
b(η, θ) = M
2
1(η)
2E
sin2 θ + M
2
2(η)
2E
cos2 θ + ημB sin 2θ, (31)
and
(η, θ) = M
2
2(η)−M21(η)
2E
sin θ cos θ − ημB cos 2θ. (32)
According to Eq. (29), the largest mixing effects, similarly to the Mikheyev–Smirnov phe-
nomenon, occur at a(η, θ) = b(η, θ), i.e.,
M22(η)−M21(η)
2E
cos 2θ = √2GFne − 2ημB sin 2θ, (33)
when the matter potentials and magnetic field balance out the square difference of neutrino ef-
fective masses. Differently from the standard neutrino oscillation under the vacuum and dense 
matter, the largest mixing effects are relative neutrino polarization direction η and the external 
magnetic field B . However, Eqs. (29)–(33) will lead to the standard form when the neutrino 
magnetic properties disappear, i.e., qi = μi = μ = 0.
The solution of Eq. (29) is direct for constant matter densities and constant magnetic field. In 
this case, the transition probability, starting with νe at an initial time t = 0 and finding νX at a 
certain time t , is given by
Pνe→νX (η, t) = 4
2(η, θ)
2(η, θ)
sin2
(
(η, θ)t
2h¯
)
, (34)
where (η, θ) = ((a(η, θ)− b(η, θ))2 + 42(η, θ))1/2. Eq. (34) would reduce to a standard 
transition formula with frequency under a vacuum case with GF = 0 and B = 0 as well as a 
pure matter case with B = 0.
6. Detection of neutrino millicharges in terms of trapped ions system
In order to detect the neutrino millicharges and moments in terms of a new approach, we first 
analyze the features of neutrino transition probability.
The transition probabilities of neutrino for different situations are shown in Figs. 2–4, where √
2GFne = 7.6 × 10−14Yeρ eV is used with the mass density ρ in the units of g/cm3 and the 
570 Z.S. Wang et al. / Nuclear Physics B 900 (2015) 560–575Fig. 2. (Color online.) The transition probabilities P(η = 1, t) (dashed line), P(η = −1, t) (dotted line) and P(η =
1, t) + P(η = −1, t) (solid line) of neutrino under the case of the photon numbers n1r = n2r = 0, where the parameters 
m1 = 1 eV, m21 = 8.0 × 10−5 eV, μ1 = μ2 = 2.9 × 10−11μB , μ12 = μ21 = μ = 2.0 × 10−11μB , q1 = q2 = 1.5 ×
10−12 e, B = 105 T, ρ = 10 g/cm3, and E = 10 MeV are used.
Fig. 3. (Color online.) The transition probabilities P(η = 1, t) +P(η = −1, t) for different larger photon numbers n1r =
100 and n2r = 0 (solid line), n1r = 100 and n2r = 50 (dashed line), n1r = 200 and n2r = 0 (dotted line), as well as 
n1r = 200 and n2r = 50 (dot-dashed line), where the parameters m1 = 1 eV, m21 = 8.0 × 10−5 eV, μ1 = μ2 = 2.9 ×
10−11μB , μ12 = μ21 = μ = 2.0 × 10−11μB , q1 = q2 = 1.5 × 10−12 e, B = 105 T, ρ = 10 g/cm3, and E = 10 MeV
are used.
relative electron number density Ye ≈ 0.5. In Fig. 2, we see that the transition probabilities have 
an obvious difference on the neutrino oscillation for the different direction of polarization with 
η = ±1. Because the parameter η with the positive and negative values is emerged in the tran-
sition probabilities in the forms of ημiB and ημB , we can measure the magnetic moments in 
terms of the simulation on that the left polarized neutrinos are converted into the right polarized 
ones. Figs. 3 and 4 show the effects of neutrino millicharge on the neutrino oscillation. We find 
that such a millicharge has a contribution on the transition probability in almost whole process 
of neutrino oscillation when the photon numbers are lager (see Fig. 3). For the smaller photon 
number, the millicharge would only affect the transmission probability under the case of large 
Z.S. Wang et al. / Nuclear Physics B 900 (2015) 560–575 571Fig. 4. (Color online.) The transition probabilities P(η = 1, t) + P(η = −1, t) for different smaller photon numbers 
n1r = 0 and n2r = 0 (solid line), n1r = 4 and n2r = 0 (dashed line), as well as n1r = 10 and n2r = 0 (dotted line), where 
the parameters m1 = 1 eV, m21 = 8.0 × 10−5 eV, μ1 = μ2 = 2.9 × 10−11μB , μ12 = μ21 = μ = 2.0 × 10−11μB , 
q1 = q2 = 1.5 × 10−12 e, B = 105 T, ρ = 10 g/cm3, and E = 10 MeV are used.
enough evolving time (or long enough propagation distance) (see Fig. 4). We know that the 
photon numbers nir and millicharges qi are emerged in the effective mass in terms of the param-
eter nirζ 2i = 2nirqiBh¯ (see Eq. (14)). If the photon numbers are fixed and the millicharges are 
changed, thus, the evolving curves of transition probability are the same as Figs. 3 and 4 with the 
different photon numbers. The results provide a useful clue to measure the neutrino millicharge 
by using the lasers, where the photon number and evolving time (i.e., corresponding to neutrino 
propagation distance) are perfectly controlled and arbitrarily adjusted.
In order to show exactly how to detect the neutrino millicharges in terms of trapped ions 
simulation, we expand Eq. (34) under a one-level approximation in terms of the parameter 
nirζ
2
i = 2nirqiBh¯. Thus, the millicharge can be expressed as
q1 = P(n1r ζ
2
1 , n2r ζ
2
2 = 0, t)− P(n1r ζ 21 = 0, n2r ζ 22 = 0, t)
d
dq1
P(n1r ζ
2
1 = 0, n2r ζ 22 = 0, t)
, (35)
which can be obviously achieved by choosing the photon numbers n1r = 0 and n2r = 0. By using 
the other photon numbers n1r = 0 and n2r = 0, similarly, another millicharge of neutrino is given 
by
q2 = P(n1r ζ
2
1 = 0, n2r ζ 22 , t)− P(n1r ζ 21 = 0, n2r ζ 22 = 0, t)
d
dq2
P(n1r ζ
2
1 = 0, n2r ζ 22 = 0, t)
. (36)
By measuring the difference of transition probability and its differential as shown in Figs. 3
and 4, the millicharge can be obtained.
It is known that the thermal motional-state populations can be detected in the single trapped 
ion [48–50] and two-ion experiments [51], where the internal state gets entangled with the ther-
mal motional-states for interactions on the carrier or any sideband. The dependence can also be 
used to map the motional-states of the ions onto the internal states. In the quantum simulation, 
therefore, the neutrino states |νe〉 and |νX〉 can be encoded in the ground state and metastable state 
of ions trapped in a linear Paul trap, e.g., |νe〉 = |S1/2, m = 1/2〉 and |νX〉 = |D5/2, m = 3/2〉 of 
two 40Ca+ ions stored in a linear Paul trap, respectively. Thus the 40Ca+ optical qubit consists 
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|νe〉 = |S1/2, m = 1/2〉. Such two states |S1/2, m = 1/2〉 and |D5/2, m = 3/2〉 are connected via 
a quadrupole transition, where a titanium sapphire laser, with a stabilized frequency from a high 
finesse Fabry–Perot cavity, is applied to excite the quadrupole transition.
On the other hand, the laser fields with different wavelengths are used for Doppler-cooling, 
sideband-cooling, frequency-resolved optical pumping and quantum logic operations preparing 
the ion in the ground state of motion and the internal state.
In the proposed experiment, the laser fields may lead to AC-Stark shifts on the state transition 
frequency from non-resonant excitation of far-detuned dipole transitions. In this situation, the 
AC-Stark shifts are fully insignificant if the intensities of the blue- and the red-detuned frequency 
components are exactly the same, where light shifts of the carrier transition from the blue-detuned 
light are completely canceled by the red-detuned light shifts. On the other hand, the blue-detuned 
light shifts, from non-resonantly exciting the upper motional sideband, are perfectly canceled by 
the light shifts of the red-detuned frequency component coupling to the lower motional sideband.
The detection on the transitions between the different states will be done via fluorescence 
lights. The fluorescence lights are detected by means of a photomultiplier tube, where the pop-
ulations equivalent to the transition probabilities of neutrino can be obtained in terms of the 
numbers of ions fluorescing. The photon numbers can be obtained by analyzing the time evolu-
tions of the ions when exciting them onto the carrier and the blue motional sideband.
It is well-known that the population is equivalent to the transition probability (34) of neutrino 
for the transition between the ground and metastable states. Thus, fitting equations (35) and (36)
to the population evolution data allows us to determine the neutrino millicharges.
From Eq. (20), we know that the parameters of laser field can be obtained by converting 
the neutrino data and magnetic field and adjusted by choosing the time and the photon number. 
According to the parameters shown in Figs. 2–4, the detection of neutrino magnetic moments is 
proposed by choosing the polarized neutrino in the time scale t ∈ [1.00 ×1010, 5.0 ×1010] eV−1, 
while the measurement of neutrino millicharges should be in the time range t ∈ [9.8 ×
1012, 9.85 ×1012] eV−1 for the large photon number or t ∈ [1.00 ×1010, 5.0 ×1010] eV−1 for the 
small photon number, where the laser parameters should be around at h¯ir = 0.00421333 eV, 
h¯δir = 1 eV, h¯iz = 0.00148964 eV, h¯δiz = 1.45 × 10−6μB eV, h¯ωM12 = 3.8 × 10−13 eV and 
h¯ωB12 = 2.0 × 10−6μB eV.
7. Conclusions
In summary, a scheme is proposed to simulate the neutrino oscillation in terms of trapped 
ion systems. By using the lasers to produce a large enough constant potential corresponding to a 
large enough matter density or magnetic field in the neutrino oscillating process, we can observe 
the creation of a neutrino and anti-neutrino pair in a trapped single-ion system. The results are 
useful to investigate the physical phenomenon at the beginning of the universe.
By mapping the Hamiltonian of neutrino oscillation onto a corresponding trapped two-ionic 
Hamiltonian and then encoding the neutrino states onto the ground state and metastable state of 
ions trapped in a linear Paul trap, we can apply the laser technology to detect on the transitions 
between the different states, where the laser parameters are equivalently converted from the joint 
neutrino properties, i.e., the neutrino millicharge, mass, moments, and so on, in the Hamiltonian 
of neutrino oscillation. Therefore, such a transition probability is equivalently converted from the 
transition probability of neutrino. In terms of the transition probability of flavor neutrino for the 
trapped ion system, thus, we further show that the neutrino magnetic moments and millicharges 
Z.S. Wang et al. / Nuclear Physics B 900 (2015) 560–575 573can be measured when the photon number and evolving time are obtained by controlling the 
laser parameters. Importantly, our approach is possibly realized in experiments to observe the 
electromagnetic effects on the neutrino oscillating process by simply tuning the laser parameters.
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